







































































Lecture 4 1

Lyapunov Analysis
ON Networks










































































Quote of the day

Television is something the Russians

invented to destroy American Education
Erol as










































































Lyapunov 2ⁿᵈmethod method is a verygeneral powerful machinery

to check the stability of equilibria for dynamical systems described

by ordinary differential equations of the form
x ̅ f x f IR R

FEET typicallyassumed to be

differentiable
An equilibrium for this dynamical system is any x ̅ sit

f x ̅ o that if F x ̅ then t x ̅ t I

This idea can be extended to sets under the
notion of

invariance REIR is invariant for f IR R if once

E ER for some I then CHER t E

2
this is called
forwardinvariance

Now I fix when initialized from some Xo 1K can create

a very complicated trajectory
t but if it happens that










































































we can come up with some scalar function of x a counter

a summarizing quantity
that qualitatively captures what

the system is doing then we will be grateful
More formally a Lyapunov function for an equilibrium x ̅ of

f is a real valued continuous function
on some REIR

containing x ̅ s ti Iff Tex to ER x ̅

we can also T.in tEflEf
relax

this the e value of T along any trajectory
contained in R never increases

if axe

V4 I

write
a

V R R a
x FIX VÉo










































































The If I admits a Lyapunovfunction in some BCI r then I is

stable If v ex so f x I then I is asymptotically stable

Asymptotic stability means exactly that I is stable

xett I when x is initialized in some neighborhood

of x In order to get global asymptoticstability
we also require radial unbounded of T i e

ex x when 11 11 A

Note that if VHI o for some x f I then asymptotic stability

of I doesnot follow
But now the question is

where does xett go










































































LaSalle's Invariance Let
ER TIMES

Tcontinuous gradients
be bounded o

Then It largest invariant set
in c As o

Note that in this case
you

don't even needpositivity

we have to somehow
ensure boundedness

These results have a variety of extensions including
to switches systms

Igf










































































If x ̅ f x
admits a radially unbounded

common

Lyapunov function
that i

I p
to to

0

then t 0 globally

Similarly if the largest invariant set for
all

fr is the same the solution remains bounded

then It largest invariant
set contained in

V x
I

p.d.sitd I tax a tx.to

Vix ÉPx XPx Aix Px XP Aix
x APx










































































Okay now we have this powerfulmachinery that we will

apply to Networked system
in order to get a hang of this

let us consider Ix see if we can apply

the Lyapunov setup Well what
should our hypnor function be

x ̅
Let us try Vcxjfx

Then Vix x ̅ a x i Il IL G x IL G x ÉL G

IG is connected the largest
invariant set contained

in XER V x 0 span 1
agreement set

So this is good but of
course Vix to for xeA if 1710 o

Might be good to interpret
what is Tex measing

if we consider L kn nI 11T then XL kn x nxtx Ix

but Ix 1 x ̅ I C I G 0 so Ix is a constant










































































TX fix x L kn III
So that minimize Tex is the same for which

a L Ka x 0 1A

But we already know
this The powerof Lyapunov is that

if we have some
nonlinearity Let us say that

we have

x ̅ L Gr

where r is the mode of the graph

0

ITo

o
ot.to GonGtzGo

Lyapunov analysis allows
us to analyze conserves

on switching time varying networks


