







































































Lecture 4 2

Jan 26 2024
Quotetheday

Lyapunov analysis Look for what
Planenunicycle 2D

you notice
but

connections to Kuramoto dynamics no one else sees

Rick Rubin










































































Let us consider
Kuamoto

daffy
Tuningcedi E.frIf

This is called the Kuramoto dynamics let us consider

at

If
I

8 2 Pfeiffer
Denote by sin 2
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D G Sinz GTO D G DCG S Z
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DIG D G
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E sinz
Ie call this

theiedge.faplaa.at

Recall that

L G D G D G in subsequent
discussion we

nXn assume that G
is a spanning

Le G D G D G tree on n nodes

mxm

if G is a spang tree then Le mar 1

eigenvalues of AB
BA are the same

except the zero eigenvalues
Le G is positive def

min ei envalue of Le a is 7215










































































Cost Σ Costti is Esi Zi Zi

Let us consider.TK 1t 1 loszfD
V z IT Linz sinztfes.az

ddtfee

Note that T Z 70 TA o iff Cos Z 1

Note that V12 is not
zi zj

i j e
E G

radially
unbounded e in

fact sin z o for Z It as well

But this does imply that 2 0 is at least locally
stable

Oct 1A










































































Lyapunov theory LaSalle's Invariance are very convenient to use to

show asymptoticstability for networksthat are dominated by
diffusion get perturbed by small nonlinearities for example
suppose we look at consensus on a tree graph

x ̅ j Xi fixj xi

Then we can rewrite this as Tnonlineaity sit

I Lele z 812 o

where Le is the edge Laplacianof as axi 0

the tree graph positivedefinite

9,4 o as 11211 0 In such a case we can show that

a neighborhoodof 7 0 for which

VIZ zᵗz is set Z 0 d










































































why is that the case well

2 ÉTZ Le a Z g 2 z

if gal f Z then 9 2 11 plz 11211

1917521 11g 2 1111211

f z 112112 f Z to

ask 0

to find2782701
TCE 12 912

112112 if 112 0

as 1121 0

c TO sit 11211K 72 1121 0










































































Let us see how this approach works out for directed
graphs digraphs let

x ̅ L D

Recall that by construction
L D 1 o indegree Laplacian

if we consider something like Tex I L kn x
n Ix Ix

then Vix n Éx x x ̅ x ̅ I XD ILY
ntiÑÉ ELIX
IL D x1 x I LID x

n x ̅ LCD LCD x I 2107J I L D1

what does L D
LCD look like

what is 1 110










































































I L D 0

gainindegree
out degree f

e

The digraph is balanced

if vi degi.li degoutlvil

In this case 1 1101 0 It Ix LCD x 0

the sum of the states
is a

conserved quality
Inthis case

I D 1105 x

if D is balanced weakly
connected strongly connected

in this case 1 D 1107770 LaSalle's Principle

extendible to switching case as well










































































So far we have looked at the consensus dynamics

x ̅ L G x I LCD

IT Fretfcontaining
undirected connected a rooted out branching

networksfinger network GETZ

just a note that using
Kronecker products we can

have the consensus protocol

for x ERd more on this

next week

Typically when we think of formation
control we think of

coordination

in the state of the agents e g position velocity etc Today

I want to explore how
coordination can involve angular states

one of the nice vehicular models for this purpose is the

so called unicycle model yes it is not a bicycle










































































So what is the unicyclemodel Consider the vehicle model

with a constant speed this can be generalized of course

The control for this constant speed
vehicle is the heading

in pictures it looks like this

the control is of the form gi vi

iidOi Ui

angular
ri

rate Wi Ii

So what would a formation of such

vehicles look like Well it could be

that eventually all heading angles
are

the same e g heading synchronization
Or

maybe we want all of them to all angles that are uniformly

distributed between zero 21T Note that for unicycles it










































































is unreasonable to think of positioncontrol since the speed is constant
So for constantspeed unicycles we think of phase synchronization

Okay so we have a 2 dimensional

dynamics we care about the phases

y
0 heading

seems like a perfect candidate to

map the dynamics to complex numbers

Idenote this by
This is how it goes we let

ri t Ki jy to

Fi

speed is constant so
x

Vi x ̅ j
speed










































































In fact
x ̅ Nicosoi ri jj

if vi Sinoi vicoso juisinoi
Oi i viet

salute to Euler

we let vi I for the restof
our discussion

so the dynamics for each agent can be written as

ii e Éi u

this is distinct for example from

ii vi ui

bothmagnitude direction










































































Now we monitor the evolution of Ois In fact
we consider

n unicycles running around
with constant speed with

heading Oi's our group state vector look like

0

19
ion

we are interested in local interaction rules that lead

to phase synchronization i e 01 02 On

we will think of the state of the

agents as evi
complex conjugate

transpose

e
e
to e inNotation ejo

e

l o










































































If you recall for consensus dynamics Tex 111
112 provided the

Lyapunov counter that was related to L kn x the

total disagreement amongst
the nodes Let us see what

eto L kn e looks like

well

e
n 11 et n e Ée e 7 11

x ̅ n
e 1 e

é jIz
Let us consider the potential

4101
et Ite

for synchronization we want to maximize this potential


